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Abstrat
This simple text onsiders an appliation of Bohr-Sommerfeld quantization rule. It might be of
interest for the students of physis.
1 Partile on a segment
The quantum stationary states and possible values of energy of the partile on the segment of a
line is given by the Shrödinger equation
− ~
2
2m
d2ψ(x)
dx2
= Eψ(x) (1)
and boundary onditions
ψ(0) = ψ(a) = 0, (2)
where m is the mass of the partile and a is the length of the segment. It is well known that the
onditions (1) and (2) lead to the energy eigenfuntions
ψn(x) =
√
2
a
sin
(npix
a
)
, where n ∈ {1, 2, 3, . . .} (3)
and energy eigenvalues
En =
pi2~2
2ma2
n2 ∼ n2. (4)
Partile on the segment [0, a] an be modeled as partile moving in the line (−∞,∞) in the "intu-
itive" potential energy
V (x) =
{
0, x ∈ [0, a],
∞, x /∈ [0, a]. (5)
This kind of potential energy an be, also intuitively as plotted in the gure (1), imagined as "the
limit" of the following sequene of potential energy funtions
Vk(x) = A
(k)
0 x
2k, k ∈ {1, 2, 3, . . .} (6)
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Figure 1: There are ploted the rst six funtions (6) with A
(k)
0 = 1 on the panel.
with some positive onstants A
(k)
0 .
Our task is to show that the energy levels (4) an be approximated by the energy levels of the
partile moving in the potentials (6). The tool we are going to use for this purpose is the well-known
Bohr-Sommerfeld quantization rule.
2 Approximative expression for the energy levels of the
partile in the potential well A
(k)
0 x
2k
The Hamiltonian of the partile in the potential well V = A
(k)
0 x
2k
is given by
H(p, x) =
p2
2m
+A
(k)
0 x
2k. (7)
Let C(E) be the lassial periodi trajetory of the partile with the energy E in the phase spae
(there are no trajetories of other kind in our ase). The Bohr-Sommerfeld quantization rule hooses
from the set of all lassial trajetories only the trajetories for whih∮
C(E)
pdx = 2pi~(n + γn), (8)
where n is natural number and γn is the quantity of the order of unity. For our purpose, it is
suient to write down the rule in less aurate form∮
C(E)
pdx = 2pi~n. (9)
In this way, Bohr-Sommerfeld quantization rule gives us the method to determine approximately
the energy levels of the partile by solving the equation (9) with the unknown E and parameter n.
The auray of this formula grows with growing n. In our ase, the partile with the energy E
moves in the range [−xM (E), xM (E)], where the energy onservation law determines xM (E) as
xM (E) =
(
E
A
(k)
0
) 1
2k
. (10)
∗
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Therefore, the left-hand side of Eq. (9) reads∮
C(E)
pdx = 4
∫ xM
0
p(x)dx = 4
√
2m
∫ xM
0
√
E −A(k)0 x2kdx =
4xM
√
2mE
∫ 1
0
√
1− y2kdy = 4xM
√
2mE
2k
∫ 1
0
(1− t)1/2t 12k−1dt =
2
k
(2m)1/2
(
A
(k)
0
)− 1
2k
E
1
2
+ 1
2kB
(
3
2
,
1
2k
)
,
where B is the Euler's beta-funtion. Above written equalities together with (9) allow for expressing
energeti levels of the system in losed form
E(k)n =
[
pi~k
(2m)1/2
] 2k
k+1
(
A
(k)
0
) 1
k+1
[
1
B (32 , 12k)
] 2k
k+1
n
2k
k+1 . (11)
We are interested in asymptoti behavior of E
(k)
n at xed n and k running to innity. By making
use the fats
B(x, y) = Γ(x)Γ(y)
Γ(x+ y)
and Γ(x) =
1
x
− γE +O(x) for x→ 0+,
where γE is the Euler's onstant, and expressing the onstant A
(k)
0 in the form appropriate to keep
the width of the well equal to a onstant 2a
A
(k)
0 =
V0
a2k
, V0 = const, V0 > 0,
we an derive that for k →∞
E(k)n =
[
pi2~2
2ma2
k2 + k +O(1)
] [
Γ
(
1
2k
)]− 2k
k+1
[
n2 +O
(
1
k
)]
and therefore
lim
k→∞
E(k)n =
pi2~2
2m (2a)2
n2 (12)
as it should be.
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